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CHAOTIC DIFFERENCE EQUATIONS:

GENERIC ASPECTS

BY

HANS-WILLI SIEGBERG

Dedicated to my father, Johannes Siegberg, 1915-1975.

Abstract. It is shown that in the set of all continuous selfmaps of a compact acyclic

polyhedron (i.e. the homology groups of the space vanish in all dimensions > 0) the

chaotic maps form a dense set. The notion of chaos used here is that of Li and

Yorke. If this notion is slightly weakened ("almost chaotic") the density result can

be improved by the theorem that the set of almost chaotic (continuous) selfmaps of a

compact acyclic polyhedron P contains a residual subset of the space of all

continuous selfmaps of P Moreover, the topological entropy of such a generic

almost chaotic map is shown to be infinite. The basic ingredients of the proofs are

from fixed point index theory.

0. Introduction. In this paper we discuss the 'typical' behavior of difference

equations

(0.1) x„+x =/(*„),        nEN,

where/: X -» X is a continuous map of a compact polyhedron X into itself. It is well

known [13,15,18] that if A" is a compact real interval 7 and if (0.1) has a periodic

solution of period 3 (of period 5) then (0.1) has periodic solutions of all periods

(resp. all periods ¥= 3) as well as uncountably many aperiodic solutions, i.e. the

difference equation (0.1) is chaotic, see Chapter 1.

In [11] it was shown that any continuous map of an interval / into itself can be

approximated (in the max-norm) by a continuous map which has a periodic point of

period 3. In [7], see also [3,17], it was proved that any continuous map of an interval

I, which is sufficiently close to a given map with a periodic point of period 3, has a

periodic point of period 5. Hence, by Sarkovskii's theorem [15,18] the set of

(continuous) chaotic selfmaps of the inverval I contains an open and dense subset of

the space C°(7, 7) of all continuous functions from 7 into itself. Thus, chaotic

behavior is a C°-generic property for interval maps.

It is the purpose of this paper to prove that this is true, essentially, also for

mappings of certain higher-dimensional spaces (acyclicpolyhedra). Since the results

described above are purely one-dimensional (their proofs rely heavily on the natural

order of the real line) our proof requires tools different from the familiar techniques

used in the context of interval mappings. (The basic ingredients of our proofs will be

fixed point index and degree arguments.) In particular, appropriate conditions for
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chaotic behavior in higher-dimensional spaces must be provided because the concept

of snap-back repellers [14] is not suited for our purposes. To some extent, as a

by-product of our techniques, it will turn out that C°-generically, the topological

entropy of a (chaotic) selfmap of a compact acyclic polyhedron, is infinite.

The paper is organized as follows. In Chapter 1 some preliminary results about

chaos-generating mechanisms and topological entropy are provided. The main result

of Chapter 2 is a general approximation theorem of mappings with nonvanishing

fixed point index by chaotic mappings. This result is extended also to infinite

dimensions. The genericity results are proved in Chapter 3.

Acknowledgement. This paper is based on parts of the author's thesis at the

University of Bremen advised by Heinz-Otto Peitgen. His influence over the past few

years is gratefully acknowledged.

1. Preliminaries. The concept of chaotic behavior has experienced in recent time

many specifications (e.g. sensitive dependence on initial conditions, Liapunov expo-

nents, absolutely continuous invariant measures, etc.). The notion of chaos we use in

this paper is the topological concept of Li and Yorke [13] which is defined as

follows.

(1.1) Definition. Let ( X, d) be a metric space, X' E X, and let /: X' -» X be a

continuous map.

/is called chaotic provided the following conditions are satisfied.

(1.1.1)/has infinitely many periodic points with distinct periods.

(1.1.2) There is an uncountable subset SEX' (containing no periodic points) with

the following properties.

(1) \imsup„_x d(f"(p), f"(q)) >a>0forallp^qES.

(2) limsup„_00 d(f"(p), f"(a)) » a > 0 for all p E S and for all periodic points a

off.
(1.1.3) There is an uncountable subset S0 E S with the property

liminfd(f "(p),f"(q)) = 0    f or all p, q E S0.
rt-* 00

If in Definition (1.1), condition (1.1.1) is replaced by

(1.1.4)        For every n E N there is a periodic point with period « for /,

then we say that /is chaotic in the sense of Li and Yorke.

We need two technical lemmas which are appropriate adaptations resp. generali-

zations of arguments developed in [13 and 5].

(1.2) Lemma. LetAx,A2 E R", n > 1, be compact sets with Al n A2 = 0, andletf:

Ax I) A2 -> R" be a continuous map.

(1.2.1) If f(Ax) D A2, f(A2) D Ax U A2, then there exists an uncountable set

S EAX U A2 satisfying (1.1..2).

(1.2.2) If Ax, A2 are closed n-simplices (i.e. the convex closure of n + 1 affinely

independent points in R") and iff\A. is affine linear, i = 1,2, with f(Ax) D A2 and

f(A2) D Ax U A2, then f satisfies (1.1.4).

(1.2.3) If in (1.2.2) the stronger condition int fiAx) D A2, int fiA2) D Ax U A2 is

satisfied, then f is chaotic in the sense of Li and Yorke.
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Proof. Because the proof runs along lines similar to the proofs given in [13, Theo-

rem 1] and in [14, Theorem 3.1] we give only a brief sketch.

Let 911 be the set of sequences M = [Mk)keN where Mk is either Ax or A2 with

Mk = A, =» k is square of an integer.

For each r E (0,1) choose Mr = {Mk)keN to be a sequence in <31L such that

\imk^xP(Mr, k2)/k = r, where P(Mr, k) is the number of z's in (l,...,/c) for

which Mf = Ax. For each r E (0,1) there is a point xr with fk(xr) E Mk for all k.

Then S := {jcr | r E (0,1)} satisfies (1.2.1).

If the conditions of (1.2.3) are satisfied then f~k(A2) converges (k -» oo) to the

(unique) fixed point of/in ^42. To prove (1.2.3) the sequences Mr, r E (3/4,1), are

further restricted using the sets f~k(A2). This is done in a way analogous to the

procedure described in [13 and 14].

In order to prove (1.2.2) observe the following fact. If A E R" is a closed

«-simplex and if g: A -* R" is affine linear (or continuous and injective) with

g(A) D A, then g has a fixed point.

( 1.3) Remark. Lemma ( 1.2) which is sufficient for our purposes can be generalized

in various ways, see e.g. [14,17]. For example, for « = 1 the assumptions of (1.2) can

be weakened as follows.

If Ax, A2 are closed intervals such that Ax n A2 is empty or a common boundary

point and iff: Ax U A2 -> R is continuous with f(Ax) D A2,f(A2) D Ax U A2, then/

is chaotic in the sense of Li and Yorke.

Additional information which measures the complexity of behavior of a mapping

in some sense quantitatively is provided by the topological entropy (see e.g. [1,4] for a

definition). The following lemma is useful for estimates of the topological entropy.

(1.4) Lemma. Let (X,d) be a compact metric space, and let Ax,...,An E X be

closed (nonempty) mutually disjoint subsets of X. Let f: X -» X be continuous. Let

M = M(f; Ax,...,An) = ((a¡j)) be the matrix defined by the following rule:

ri. fU)z>Aj,
[0,     otherwise.

Then the topological entropy «(/) of f satisfies h(f) s* \og(p(M)), where p(M)

denotes the spectral radius of the matrix M.

Proof (Sketch). The lemma can be proved in a way very similar to the procedure

in [5, Theorem 1] by applying techniques from symbolic dynamics. For sufficiently

small e > 0 and for k > 1 we can find a (k, e)-separated set [4] QkE X with

cardón > traceMk.

Since limsup¿.^cok~x\og(traceMk) = log(p(M)) [16,p. 149], the lemma follows

from Bowen's definition of topological entropy [4].

(1.5) Remark. If /: X -* X is a continuous map of a compact metric space with

f(Xx) H f(X2) D Xx U X2 for two (nonempty) disjoint compact subsets Xx, X2 E X,

then by a result of Lasota and Yorke [12] there is a continuous ergodic measure
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invariant with respect to f. Thus, if the spectral radius of the matrix M =

M(f; Ax,...,An) is bigger than one, then there is a continuous ergodic measure

invariant with respect to some iterate /* of /, and therefore, there is a continuous

ergodic measure on X invariant with respect to /.

2. Density results. In all that follows below P = (P,t) will denote a compact

polyhedron with triangulation t; we always assume that P has no isolated points and

that the dimension of P, dim P, is bigger than zero. For simplicity we assume,

moreover, that P is euclidean, i.e. P is built up by closed simplices located in some

fixed RN. We call an open subset U E P polyhedral if the closure U can be

triangulated by t n U.

The following proposition which is crucial for our proof of the main result ((2.2))

of this chapter is a classical tool in fixed point index theory ("Hopf-construction"

[10]).

(2.1) Proposition. Let (P, r) be a compact polyhedron inot necessarily euclidean)

and let U E P be open and polyhedral. Let f: U -» P be continuous, and let e > 0. Then

there exists a subdivision te of the triangulation t and a subdivision t£' of t£ D U, and

there is a simplicial mapping f : (Í7, te') -» (P, te) with the following properties.

(2.U)d(f,f)<e.
(2.1.2) Any fixed point of f is contained in the interior of some maximal simplex

o E t'. i A simplex o in a triangulation t is called maximal provided there is no simplex

a, G t with a C a, and o ¥= a,.)

id is some metric which induces the topology of P.)

Proof. The proofs given in [10 and 6] apply to our situation.

We are now ready for the main result of this chapter. In the following we assume

some familiarity with fixed point index resp. degree arguments, see e.g. [2,6,9].

(2.2) Theorem. Let (P, t) be a compact polyhedron and let U E P be open and

polyhedral. Let f: U -» P be a continuous map with no fixed points on the boundary of

U such that the fixed point index ind(P, f,U) ¥= 0. Then for every e > 0 there is a

continuous map g: U -* P such that

(2.2.1) d(f,g)<e,
(2.2.2) g is chaotic in the sense of Li and Yorke.

Proof. Let/': U -» P be a simplicial map obtained by (2.1). If e > 0 is sufficiently

small then by the homotopy invariance of the fixed point index we have

ind(P, /', U) = ind(P, /, U) * 0,

and therefore, /' has a fixed point (which is contained in the interior of some

maximal simplex of t/). Hence, since /' is a simplicial map, there is a maximal

simplex a E t/ such that /'(a) D a, fia) E re.

Now choose a triangulation f of a satisfying the following properties.

(1) The boundary 3 a of a is not subdivided by the triangulation f.

(2) There are (at least) two simplices a,, a2 G f with dim a, = dima2 = dim a,

a, n a2 = 0, a, n 3a = 0, z = 1,2.
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(Such a triangulation f is provided, for instance, by the rth barycentric subdivision

mod 3 a of a [6,10], r sufficiently large.)

In order to obtain g we modify/' appropriately on a. Let T = (rE'\a) U f. Then

we can find a simplicial map g: (Í7, T) -> (P, rf) with the following properties.

(a) S\do = f |9o-

(b) a, and a2 are mapped onto/'(a) G te by g.

(c) Every vertex in f which is not contained in 3a U a, U a2 is mapped onto some

vertex of/'(a) by g.

(d) g and /' coincide on P\o.

Because of (1.2) the map g is chaotic in the sense of Li and Yorke, and, obviously,

we have, assuming mesh(rE) < e, dif, g) < 2e.

(2.3) Remarks. (1) Theorem (2.2) is also valid for curvilinear polyhedra, i.e. spaces

homeomorphic to euclidean polyhedra.

(2) Because of (1.4) we have that the topological entropy of g in the theorem above

satisfies «(g) > log 2. By making the triangulation f in the proof above sufficiently

small we can achieve that k, k > 2 fixed, mutually disjoint simplices a¡, 1 «£ z *£ k, of

f are mapped onto/'(a) by g, with consequence «(g) > log k.

(3) If the polyhedron P is acyclic (see e.g. [6]) and if U = P then ind(P, /, P) =

L(/)= 1 (L(/) = Lefschetz number of /, see e.g. [6]) and (2.2) applies. In particu-

lar, if P is a closed «-simplex then chaotic mappings (in the sense of Li and Yorke)

are dense in C°iP, P), and for « = 1 we obtain again Kloeden's result in [11].

In order to extend (2.2) to infinite dimensions we need the following lemma which

is an elementary consequence of (2.2) using 'standard' techniques.

(2.4) Lemma. Let U E R" be open and bounded, and let f: U -» R" be a continuous

map with no fixed points on the boundary of U such that the iBrouwer) degree

deg(Id — /, U, 0) ¥= 0. Let e > 0. Then there is a point x0 G U such that for any r > 0

there is a continuous map gr: U -» R" satisfying the following properties.

(2.4.1) 11/-gr IK e.
(2.4.2) gr is chaotic in the sense of Li and Yorke.

(2.4.3) gr coincides with f on ¿7\7i(x0; r), (B(x0; r) = {x E R" | \\x - x0\\ < r).

Proof. Let P C R" be a closed «-simplex such that int P D Ü U/(i7). Then

ind(P, f,U) = deg(Id — /, U, 0) (see e.g. [9]) and Theorem (2.2) applies (we can

assume that U is polyhedral in some triangulation of P).

Let sC (/be the closed «-simplex obtained in the proof of (2.2); let x0 E int a

and let r > 0 be sufficiently small such that Bix0; r) E int a. If in the proof of (2.2)

the triangulation f is sufficiently small then the simplices ox, a2 can be chosen such

that a,, a2 C int 7?(x0; r). Let g: U -> R" be the map constructed in (2.2) with a,, a2

chosen as described above. Now fix s < r such that ox, o2 E Bix0; s), and let <p:

U -» [0,1] be a continuous function with

Í0,     xEBix0;s),
<P\x) = i —

[l,    xE U\Bix0;r).
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Define gr: U - R" by

gr(x):= <p(x)-f(x) + (\ -<p(x))-g(x),

and the lemma follows (Il / — grll < 2e).

(2.5) Theorem. Let E be a normed (infinite-dimensional) real or complex vector

space, and let U E E be open and bounded. Let F: U — E be continuous and compact

(i.e. F(U) is relatively compact) with no fixed points on the boundary of U such that

the (Leray-Schauder) degree deg(Id — F, U,0) ¥= 0. Then for every e > 0 there is a

continuous map G: U — E such that

(2.5.1) Il F - G\\ <£,
(2.5.2) G is chaotic in the sense of Li and Yorke.

Proof. Since F is compact there exists a continuous map Fx: U — E satisfying the

following properties, see e.g. [2,9].

(a)\\F-Fx\\ <e.

(b) Fx is compact, and FX(U) is contained in a finite-dimensional subspace

Ex CE.
(c) deg(Id - F, ¿7,0) = deg(Id - Fx]ljnEl, U n £,,0) (e > 0 sufficiently small).

Set /= F,|¿7n£i:  U C\EX - Ex, and for r > 0 let gr:  U DEx-> Ex be the map

obtained from (2.4). We choose r > 0 sufficiently small such that the following

conditions are satisfied.

(\)B(x0; r) = [x E E\ \\x - xQ\\ < r) E U.

(2) x E B(x0; r) =» II Fx(x) - Fx(x0)\\ < e (for x0 see (2.4)).

By Dugundji's theorem [8] there is a retraction

R: Ü^ B(x0; r) n Ex.

Now set C7 : = (gr ° R): U —■ Ex, and let \p: E — [0, 1] be a continuous function with

JO,     xEB(x0;s),

[l,     xEE\B(x0;r)

(s < r chosen as in the proof of (2.4)). Define G: U -> E by

G(x) = t(x)-Fx(x) + (\-4,(x))-G(x)

and the theorem follows (||F — GII < 4e).

3. Stability results. As an immediate consequence of (2.2) and (1.3) we obtain that

chaotic behavior (in the sense of Li and Yorke) is a C°-generic property for interval

maps.

(3.1) Theorem. Let I = [a, b] be a compact real interval, and let n E N, n> 2.

Then there is an open and dense subset E„ = En(I, I) of C°(I, I) such that for any

f E En the following properties are satisfied.

(3.1.1) fis chaotic in the sense of Li and Yorke.

(3.1.2) The topological entropy hi f ) satisfies hi f ) > log «.

(3.1.3) There is a continuous ergodic measure invariant with respect of f.
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Proof. Let En(I, 7) be the set of all continuous maps /: I -* 1 satisfying the

following condition. There are « mutually disjoint subintervals /,,...,/„ in int 7 such

that

Hint/(/,) D \Jlj.
7=1 7=1

Because of (1.2)-( 1.4) every/G En satisfies (3.1.1) and (3.1.2); because of (1.5) every

/ G E„ satisfies (3.1.3). From (2.2) and (2.3) it follows that E„ is dense in C°(I, I),

and it is easy to verify that E„ is also open in C°(7, 7).

(3.2) Remark. Observe that (3.1.1) is somewhat sharper than the result in [7]: in

[7] it is proved only that there is an open and dense subset of C°(7, /) such that each

map in this subset has a periodic point of period 5.

(3.3) Corollary. There is a residual subset & C C°(I, I) such that any fE&

satisfies (3.1.1), (3.1.3) and, moreover, «(/) = oo.

Typical examples of mappings with infinite topological entropy are shifts over an

infinite alphabet, see e.g. [1].

There is an analogous result on the circle.

(3.4) Theorem. Let UD = {/G C°(SX, Sx)\L(f)= 1 - deg/^ 0} and let n EN,

n s* 2. Then there exists an open and dense (in ^'i1) subset En(Sx, Sx) of C°(S], Sx)

satisfying (3.1.1)—(3.1.3).

In higher dimensions the situation is much more delicate. It is not clear if there is

a complete «-dimensional analogue of Theorem (3.1) (where "open and dense" is

replaced by "residual"). A partial «-dimensional analogue of (3.1) is proved in the

following theorem.

(3.5) Theorem. Let (P, t) be a compact polyhedron which is acyclic. Then there is a

residual subset (2 C C°iP, P) such that every f E Q is almost chaotic in the sense of Li

and Yorke, i.e. for f G G the following properties are satisfied.

(3.5.1) For every n E N there is a periodic point of period n for f.

(3.5.2) There is an uncountable subset S E P icontaining no periodic points) such

that

i\)hmsup,^xdif"ip), f'iq)) >a> 0 for all p ¥= q G S,

(2) lim sup,, _ x dif'ip), f'\a))> a> 0 for all p E S and for all periodic points a

off-
(3.5.3) For every k E N there exists nk > 0 and an uncountable subset Sk E S with

liminfn^xdif"ip), f"iq)) < nkforallp,q E Sk, andhmk^00nk = 0.

Proof. Let g: P -» P be a continuous map satisfying the following condition.

(*) There are subdivisions t' of the triangulation t and t" of t' such that

(a) g is a simplicial map (P, t") -» (P, t'),

(b) there are two maximal and disjoint simplices a,, a2 G t" with giax) = gio2)

= '■ a G t' and a, U a2 C int a (see proof of (2.2)).
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Fix k E N. Since g is affine linear on a, and o2 there is a closed simplex 2 C int a,

(dim 2 = dim a, ) such that

(i) gk maps 2 affine linear onto a,

(ii) gk~ ' maps 2 affine linear onto a2, and

(iii) g' maps 2 affine linear into int a,, 0 *£ z < A: — 2 (g° = Id).

For A: = 1 set 2 = a,.

Because of the homotopy invariance of the fixed point index we can find

£k(g) > ° sucn that>for a11 g' G C°(P, P) with dig, g') < ekig),

ind(P,(g')\int2) = ind(P, gk,int 2) ^ 0.

The latter fixed point index is different from zero because of the linearity of gk on

2. Thus, ig')k has a fixed point in 2 which is a periodic point of period k for g'

provided ekig) is sufficiently small.

For k = 1 we choose ekig) = e,(g) as follows. As above let e,(g) > 0 be suffi-

ciently small such that, for all g' G C°(P, P) with d(g, g') < e,(g),

ind(P, g',int2) = ind(P, g.int 2) ^0.

Moreover, if e,(g) is sufficiently small, e.g. e,(g) < 5 dist(a, U a2,3a), then, for

every g' G C\P, P) with dig, g') < e,(g),

g'iox) Hg'(a2)Da, Ua2.

(This follows with an elementary degree argument.)

Denote by Gk the set of all maps g' G C°iP, P) for which there is a map

g G C°(P, P) satisfying (*) with ¿(g, g') < e^g); we can assume Gk+X E Gk for

k E N. Because of (2.2) the sets Gk, k E N, are open and dense in C°iP, P); hence,

G= (~}keN&k is residual.

By construction every map/ G G satisfies (3.5.1) and (3.5.2).

In order to verify (3.5.3) we conclude as follows. For g G C°(P, P), which

satisfies (*), we can find a sequence of closed simplices [B¡)¡eN (dim B, = dim a,,

i E N) such that

(1) Bx = ox, B¡ E int a, for i > 2,

i2)giB,+ x) = B,foriEN,

(3) B,+x E B, for i G N, and lim,.^«, diam 5, = 0.

If ekig) is sufficiently small then every g' G C°iP, P) with ¿(g, g') < e¿(g) satisfies

(g')*(2?J D o,    and    (g')'(Bk) n a2 = 0 ,       0<i<*-l.

Therefore (using essentially the same kind of arguments as in [13]), we can construct

an uncountable subset Sk which satisfies (3.5.2) such that, for/?, q G Sk,

hminfd{(g')"(p),(gr(q)) < diam Bk=:nk,
«-* 00

which proves the theorem.

(3.6) Remark. (1) As (2.2), Theorem (3.5) is also valid for curvilinear polyhedra.

(2) A question left unsolved is whether (3.5) can be sharpened in such a way that

every / G G is chaotic in the sense of Li and Yorke.

We conclude this chapter with a theorem which completes, in some sense,

Theorem (3.5).
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(3.7) Theorem. Let (P, t) be a compact polyhedron which is acyclic, and let n E N,

n > 2. Then there is an open and dense subset E„ = En(P, P) of C°(P, P) such that

for any f E En the following properties are satisfied.

(3.7.1)«(/)> log«.
(3.7.2) There is a continuous ergodic measure invariant with respect to f.

Proof. This follows immediately (using similar arguments as in (3.5), see defini-

tion of e,(g)) from (2.2), (2.3), (1.4) and (1.5).
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